Systemic risk is the risk that the defaults of one or more institutions trigger a collapse of the entire financial system. In this paper, we propose a measure for systemic risk, CoCVaR, the conditional value-at-risk (CVaR) of the financial system conditional on an institution being in financial distress. This measure is similar to Adrian and Brunnermeier's CoVaR from 2008, but we change the systemic risk from VaR to CVaR. This measure considers severe losses of the financial system beyond VaR. CoCVaR is estimated using CVaR (superquantile) regression. We define the systemic risk contribution of an institution as the difference between CoCVaR conditional on the institution being under distress and the CoCVaR in the median state of the institution. We estimate the systemic risk contributions of the ten largest publicly traded banks in the United States for a sample period February 2000 to January 2015 and compare CoCVaR and CoVaR risk contributions for this period. We find that the new CoCVaR provides a unique perspective on the systemic risk contribution.
INTRODUCTION
Systemic risk in the financial system is the risk that the failure of an institution to meet its contractual obligations may in turn cause other institutions to default, with the chain reaction leading to broader financial difficulties (Bank for International Settlements 1994). The spread of the failure of one institution to other institutions is implied by financial links between institutions. These financial links include interbank loans, payment systems and over-the-counter derivatives positions (Krause and Giansante 2012) . Measuring the contribution of each institution to overall systemic risk can help to identify institutions that make significant contributions to systemic risk. Stricter regulatory requirements for these institutions would stop the tendency to generate systemic risk. Adrian and Brunnermeier (2008) proposed a measure for systemic risk called CoVaR, namely the value-at-risk (VaR) of the financial system conditional on an institution being under distress. They defined an institution's contribution to systemic risk as the difference between CoVaR conditional on the institution being under distress and CoVaR in the median state. Girardi and Ergun (2013) modified Adrian and Brunnermeier's CoVaR, and changed the definition of financial distress from an institution being exactly at VaR to it exceeding VaR. This change considered more severe distress events that are further in-the-tail. López-Espinosa et al (2012) identified the main factors contributing to systemic risk in international large-scale complex banks using the CoVaR approach. They found that short-term wholesale funding is a key factor in triggering systemic risk episodes. Borri et al (2014) estimated the systemic risk contribution of Italian-listed banks for the period 2000-11 with the CoVaR methodology. They found that both bank size and leverage are important predictors of systemic risk.
Three ways to calculate CoVaR are considered in the literature:
(1) quantile regression (Adrian and Brunnermeier 2008; López-Espinosa et al 2012; Borri et al 2014) ;
(2) multivariate GARCH (generalized autoregressive conditional heteroscedasticity) (Girardi and Ergun 2013) ; and system and individual financial institutions. Further, the CoVaR value is calculated by the numerical evaluation of a double integral. For the copula-based approach, the joint distribution of the pair return is expressed by a copula. This method allows the flexible modeling of marginal distributions and the dependence structure. However, both the GARCH and copula methods are too complicated to be widely used by practitioners and regulators, while quantile regression is a relatively simple approach. The VaR is a quantile of a loss distribution. It is used heavily in various engineering applications, including financial ones. Although VaR is a very popular measure of risk, it has undesirable mathematical characteristics, such as a lack of convexity and discontinuity for discrete distributions. VaR is an "optimistic" measure of risk being a lower bound of the tail. Therefore, it does not measure extreme events. Further, VaR is difficult to optimize when it is calculated with scenarios. The conditional value-at-risk (CVaR) considered by Rockafellar and Uryasev (2000) is similar to the VaR risk measure. CVaR equals the average of some percentage of the worst-case loss scenarios. Therefore, it accounts for extreme events. CVaR has superior mathematical properties to VaR (see the comparative study of VaR and CVaR by Sarykalin et al (2008) ). CVaR is a so-called coherent risk measure (transition-equivariant, positively homogeneous, convex and monotonic) as studied by Pflug (2000) and Rockafellar and Uryasev (2002) . This paper proposes a new systemic risk measure, CoCVaR, which is inspired by the definition of CoVaR (Adrian and Brunnermeier 2008) . We define CoCVaR as the CVaR of the financial system conditional on institutions already being under distress. This allows consideration of severe losses of the financial system in the tail of the return distribution. We define the systemic risk contribution of an institution as the change from its CoCVaR in its benchmark state to its CoCVaR under financial distress. Note that Adrian and Brunnermeier (2016) mentioned that CoVaR can be adapted for other "corisk measures", such as coexpected shortfall (CoES). The CoES definition (the coexpected loss conditional on a VaR event) coincides with our CoCVaR definition. Our paper takes advantage of the recently developed linear regression methodology for the estimation of CVaR (Rockafellar et al 2014) and an efficient implementation of this regression in the Portfolio Safeguard (PSG) software package (see American Optimal Decisions: www.aorda.com). We conducted a case study based on weekly data from February 2000 to January 2015 for the ten largest publicly traded banks in the United States. We calculated the banks' time-varying CoVaR and CoCVaR estimates and compared the results.
The remainder of the paper is organized in four sections. Section 2 presents the methodology, including the definition and estimation method for CoVaR and CoCVaR. Section 3 presents the case study. Section 4 concludes.
METHODOLOGY

CoVaR and CoCVaR definitions
Let X sys define a random state of a financial system, and let X be a vector of random factors. We suppose that the vector .X sys ; X / has some joint probability distribution. CoVaR and CoCVaR are defined as follows.
The CoVaR of the system is defined as the VaR with level˛of the conditional random variable X sys j X , conditional on the event that factors are in a measurable set C :
The CoCVaR of the system is defined as the CVaR with levelǫ f the conditional random variable X sys j X , conditional on the event that factors are in a measurable set C :
CoCVaR can be presented as follows.
(1) If X sys j X is a random variable having a continuous distribution, then
where CoVaR sys is a minimizer in (2.4).
where X sys 1 ; X sys 2 ; : : : ; X sys T are T observations of a random value X sys , and X t D .X t1 ; X t2 ; : : : ; X tn / are T corresponding observations of a covariate (random factor) vector X D .X 1 ; X 2 ; : : : ; X n /, t D 1; : : : ; T . The estimate of the˛-quantile of X sys (ie, the VaR of X sys with confidence level˛) under the condition that a realization .X t1 ; X t2 ; : : : ; X tn / is observed is equal to Ǒ0 C P n iD1 X ti Ǒį , where the vector Ǒ˛D . Ǒ0 ; Ǒ1 ; : : : ; Ǒn / is obtained by solving the quantile regression minimization problem (see Koenker and Basset 1978) .
The rescaled Koenker-Bassett error function is defined as follows (see Rockafellar and Uryasev 2013) :
The vector Ǒ˛i s estimated by solving the following minimization problem:
The estimate of the CoVaR with the quantile regression approach at time t is equal to
Similar to the quantile regression, the estimate of˛ CVaR of X sys (ie, the CVaR of X sys with confidence level˛under the condition that realization .X t1 ; X t2 ; : : : ; X tn / is observed) is equal to Ǒ 00 C P n iD1 X ti Ǒ 0į . The optimal vector Ǒ 0˛D . Ǒ 00 ; Ǒ 01 ; : : : ; Ǒ 0n / is obtained by minimizing the CVaR (superquantile) error, as defined in Rockafellar et al (2014) . This statement follows from a general quadrangle theory (see Rockafellar and Uryasev 2013) . According to the general theory, if some "quadrangle" includes an "error" and a "statistic", then this statistic can be estimated using regression with the error function. Rockafellar et al (2014) showed that the CVaR (superquantile) error function is equal to
and the CVaR (superquantile) statistic equals
where˛D confidence level 2 .0; 1/. Therefore, CoCVaR can be estimated using CVaR (superquantile) regression:
Systemic risk contribution
The Dow Jones US Financials Index represents the financials industry as defined by the industry classification benchmark (ICB). It measures the performance of the financial sector of the US equity market, and includes companies in industry groups, such as banks, nonlife insurance, life insurance, real estate and general finance. The index is a subset of the Dow Jones US Index and is capitalization weighted. We denote by X sys t a scaled weekly log return of this index:
where I t is the index value at the end of week t . Similarly, the i th financial institution's scaled weekly log return R i t equals
where P t i is the stock closing price at the end of week t . Let us consider financial institution i. We denote the factors for this institution by X D fR i ; M g, where R i is the financial institution's weekly log return variable and M represents a vector of common lagged state variables (which will be introduced later on). The tth observation of this vector X equals fR i t ; M t 1 g. Similarly to the method in Adrian and Brunnermeier (2008) , the contribution to systemic risk of financial institution i can be measured as the difference between the VaR of X sys t conditional on the distress of a particular financial institution i (ie, R 
(2.14)
Similarly, using CoCVaR, the contribution to systemic risk of financial institution i can also be measured as the difference between the CVaR of X sys t conditional on the distress of a particular financial institution i (ie, R i t equals its VaR) and the CVaR of X sys t conditional on the median state of the institution i (ie, R i t equals its median). We denote i's contribution to the financial system, CoCVaR 
State variables
The corisk measures rely on the state variables and firm-specific variables. For example, wholesale funding is the most relevant systemic factor of large international banks (López-Espinosa et al 2012); the banks' holding of certain specific types of derivatives, the proportion of nonperforming loans to total loans and the leverage ratio all have an effect on the bank's systemic risk contribution (Mayordomo et al 2014 Adrian and Brunnermeier (2008) . These state variables are the following.
(1) The Chicago Board Options Exchange (CBOE) Volatility Index (VIX), which captures the implied volatility in the stock market reported by the CBOE.
(2) A short-term "liquidity spread", defined as the difference between the threemonth repurchase agreement (repo) rate and the three-month Treasury bill (T-bill) rate. This liquidity spread measures short-term liquidity risk. We obtain the three-month T-bill rate from the Federal Reserve Bank's H.15 report. 1 We use the three-month general collateral repo rate from Bloomberg.
(3) The change in the three-month T-bill rate: Adrian and Brunnermeier (2008) found that the change in the three-month T-bill rate is most significant in explaining the tails in asset returns of financial institutions.
(4) The change in the slope of the yield curve, measured by the yield spread between the ten-year Treasury rate and the three-month bill rate obtained from Federal Reserve Bank's H.15 report.
(5) The change in the credit spread between Baa-rated bonds and the Treasury rate (with the same ten-year maturity) from the Federal Reserve Bank H.15 report.
(6) The weekly equity market return: we use the Standard & Poor's 500 Index to calculate the equity market return downloaded from Yahoo! Finance.
(7) The weekly real estate sector return in excess of the market return: we use the Dow Jones US Real Estate Index downloaded from Google Finance to calculate the real estate sector return.
CASE STUDY
Numerical implementation
We used Portfolio Safeguard (PSG) for numerical calculations. PSG has the precoded Koenker-Bassett and CVaR (superquantile) errors; therefore, quantile and CVaR regression problems with these functions can be easily coded. Moreover, additional constraints can be imposed, such as a cardinality constraint on the number of regression variables. The case study data and numerical runs were posted to the second author's research web page (http://bit.ly/2FCAPBq).
In particular, we posted the PSG codes solving the quantile regression and CVaR regression in the Run-File and MATLAB environments. In addition, we posted the MATLAB code that calculates CoVaR and CoCVaR for the ten largest US banks. PSG codes are very efficient and designed to solve large-scale problems with millions of observations.
Financial institutions
We considered the ten largest (by total assets) publicly traded banks in the United States as of December 31, 2014: Table 1 summarizes statistics for the state variables. The 1% stress level is the average value for the observations of each respective state variable during the 1% worst weeks for financial system returns. For example, the average of VIX during the stress periods is 51.8771, as the worst times for the financial system include those when the VIX was highest. Similarly, the stress level corresponds to a high level of liquidity spread, a sharp increase in the term and credit spreads and large negative equity return realizations.
Calculation results
State variable statistics
VaR of financial institutions
First, we use (2.16) to obtain time-dependent VaR by running quantile regressions of the banks' stock log returns on the lagged state variables. In the following analysis, we consider the 10% quantiles, corresponding to the worst seventy-five weeks over the sample horizon. Table 2 shows the regression coefficients for different banks. We denote the state variables by VIX, LS, TC, TSC, CSC, ER and REER, corresponding to VIX, liquidity spread, three-month Treasury change, term spread change, credit spread change, equity market return and real estate sector excess return. According to (2.14) and (2.15), we also obtain a time variation of VaR by running quantile regressions of the banks' stock log returns on the lagged state variables with a 50% Table 2 .
confidence level. Table 3 gives the regression coefficients for different banks. Figure 1 shows the time-varying VaR.0:1/ for each bank.
CoVaR and CoVaR
With quantile regressions (see (2.8)), we obtain the time-dependent 10% VaR of Dow Jones US Financial Index returns for the lagged state variables and the banks' stock returns. Table 4 shows the regression results, where variable "RB" denotes the bank's stock return. It is found that the effects of state variables on the CoVaR have the same sign but different sensitivities for most banks. However, there are some banks that load on some of the state variables in a different direction to most of the other banks. For example, the REER has a negative effect on the CoVaR of bank C, which is different from those of the other banks. We estimated 10% VaR and 50% VaR of each bank's stock return with quantile regression (see (2.8)). Further, these estimates were used in (2.14) to obtain the CoVaR of the financial system. Figure 2 shows the CoVaR time series for each bank. According to Table 4 , the CoVaRs of most banks have similar responses to the state variables. As a result, the trends in the CoVaR time series of the different banks are similar.
CoCVaR and CoCVaR
We used CVaR (superquantile) regressions for estimating the time-dependent 10% CVaR of the Dow Jones US Financial Index return on the lagged state variables and banks' stock returns. Table 5 presents the regression results. We found that the effects of state variables on the CoCVaR have the same sign but different sensitivities for most banks. However, there are some banks that load on some of the state variables in a different direction to most of the other banks. For example, the ER has a negative effect on the CoCVaR of bank BAC, which is different from those of the other banks. We estimated the 10% VaR and 50% VaR of each bank's stock return with quantile regression (see (2.8)). Further, these estimates were used in (2.15) to obtain the CoCVaR of the financial system. Figure 3 shows the CoCVaR time series for each bank. According to Table 5 , the CoCVaRs of most of the banks have similar responses to the state variables.As a result, the trends in the CoCVaR time series of the different banks are similar. 
Values stated are the arithmetic mean of weekly time series for each bank. We rank (in parentheses) each bank in order of decreasing absolute values. The CoVaR measure provides only a lower bound for a financial system's conditional losses in the tail. Meanwhile, the CoCVaR measure accounts for the extent of conditional losses that could be suffered beyond the specified threshold. The conditional losses in the tail could be only slightly higher than the threshold or very far beyond the threshold. The CoCVaR measure may be larger than, smaller than or equal to the CoVaR measure for a bank, depending on the conditional tail distribution of the financial system. Second, the differences between CoVaR and CoCVaR would be larger for some banks and smaller for others. Therefore, these two measures may provide different rankings. Although CoCVaR and CoVaR provide different rankings for some banks, they provide the same rankings for others. For instance, for the Wells Fargo (WFC), BB&T Corporation (BBT), PNC Financial Services Group Inc (PNC) and Citigroup Inc (C), both the average CoVaR and the average CoCVaR provide the same ranking of their systemic risk contributions.
Comparisons
CONCLUSION
In this paper, we proposed a new systemic risk measure, CoCVaR, inspired by the definition of CoVaR inAdrian and Brunnermeier (2008) . This new definition considers severe losses of the financial system in the tail of the return distribution beyond VaR. CoCVaR measures were estimated using CVaR (superquantile) regression. We proposed a new systemic risk contribution measurement, CoCVaR, which focuses on heavy tails and complements CoVaR. We conducted a case study with US-listed banks and compared VaR, CoVaR and CoCVaR numerically.
We found that banks' rankings according to individual risk measured by VaR and systemic risk contribution measured by CoVaR may not coincide. A bank may have a high systemic risk contribution even though its individual risk may be low. In addition, a single bank's high VaR risk does not necessarily reflect a high systemic risk.
We also found that the CoVaR and CoCVaR measures may give different risk rankings for the same bank. The new CoCVaR focuses on the tail of the distribution and provides a unique perspective on the systemic risk contribution.
DECLARATION OF INTEREST
